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Abstract
We investigate the ground state properties of electronic models for doped
transition-metal oxides. An effective t - J like Hamiltonian is derived from
the case of strong Hund coupling between the conduction electrons and local-
ized spins by means of the projection technique. An attractive interaction for
conduction electrons and an antiferromagnetic coupling of the localized spin
are obtained. A large ratio of the attraction to effective electron hopping,
which is modulated by the spin background, will lead to the phase separa-
tion. The antiferromagnetic phase and the phase separation appear in the
case of either high or low density of electrons. The possible relevance of the
phase separation to the charge stripe phase in doped transition-metal oxides
is discussed.
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The problem of doped Mott insulators has attracted much attention because of its rele-
vance to high temperature superconductivity and colossal magnetoresistance effect. Recent
experiments of doped lanthanum cuperate [1], nickelate [2] and manganite [3] families of
materials exhibit a new type of charge ordering and spin ordering in an extensive region.
For example, the charge and spin stripe phases were observed in La2−xSrxNiO4 samples
[4]. Along the charge stripe, there is strong antiferromagnetic correlation. It is also shown
experimentally that the charge ordering collapses in the presence of an external magnetic
field, which can destroy antiferromagnetic ordering [5]. Many efforts have been devoted to
understand the origin of the phenomena and its intrinsic relevance to various anomalous
transport properties.
In this paper, starting from an electronic model for doped transition-metal oxides, we
derive an effective t-J like Hamiltonian for the case of strong Hund coupling. An attractive
interaction between conduction electrons, which is associated with the antiferromagnetic
correlation, is obtained. Both the attraction and electron hopping are modulated by the
configuration of two localized spins on the nearest neighbor sites. A larger ratio between
them will lead to the phase separation, which is expected in terms of the ideas of frustrated
phase separation for the charge stripe phase [6]. An antiferromagnetic background leads
to attraction between electrons. We find that the phase separation with electron-rich and
-poor regimes has a lower energy than an antiferromagnetic phase with a uniform density
of charge. A phase diagram for the model is presented. The possible relevance to the phase
separation and the charge stripe phases in doped lanthanum manganites and nickelates are
also discussed.
An electronic model to describe doped transition metal oxides is a Kondo-like lattice
Hamiltonian with the strong Hund coupling
H = −t
∑
〈ij〉,σ
c†i,σcj,σ − JH
∑
i
Si · Sic (1)
where c†i,σ and ci,σ are the creation and annihilation operators for conduction electrons,
respectively. Sic =
∑
σ,σ′ σσ,σ′c
†
i,σci,σ′/2 is the spin operator for the conduction electron and
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σ are the Pauli matrices. Si is the total spin of the localized electrons at site i. JH > 0 is the
Hund coupling between the conduction and localized electrons. In the manganites, three t2g
electrons are almost localized and form an S = 3/2 spin state according to the Hund rule.
Electrons in eg orbital form a conduction band [7]. In the nickelate, the localized spin is just
S = 1/2 [8]. In the case of single electron the ground state is a fully saturated ferromagnet.
It is easier for the conduction electron to move when the two localized spins on the nearest
neighbor sites are parallel to each other. The process may lead to metallic ferromagnetism,
and is called the double exchange mechanism [9–11].
Usually the Hund coupling is very large in either manganites or nickelates. An infinite
JH limit is often taken in these systems, especially to investigate the double exchange ferro-
magnetic phase. However, in the limit, the spin of electron is completely frozen to localized
spin to form an S + 1/2 state due to the strong Hund coupling, and the model is reduced
to a spinless fermion system without a direct electron-electron interaction, which cannot
describe the charge ordering and antiferromagnetism. We consider the large and finite JH
(≫ t) case. As the strong Hund coupling forces most of electrons to form S + 1/2 states
with the localized spins, we will restrict our discussion in the space, which includes only the
empty and single occupancies with S + 1/2 state. The finite JH effect can be regarded as
the perturbation correction to the large JH limit. The operator to project onto the space of
the configurations with empty and the S + 1/2 states is
P =
∏
i
Pi =
∏
i
(Phi + P
+
si ) (2)
where Phi = (1− ni,↑)(1− ni,↓) and
P+si =
∑
σ,σ′
(P+i )σσ′ c˜
†
i,σc˜i,σ′
=
∑
σ,σ′
(
Si · σ + (S + 1)I
2S + 1
)
σσ′
c˜†i,σc˜i,σ′ .
The operator c˜†i,σ = (1− ni,−σ)c
†
i,σ rules out double occupancy on the same site. I is a unity
matrix. Utilizing the Schrieffer-Wolf transformation [12], a t-J like effective Hamiltonian is
derived
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Heff ≈ −t
∑
〈ij〉
c¯†i,σc¯j,σ + 4v0
∑
〈ij〉
(S¯ic · S¯jc −
1
4
n¯in¯j), (3)
where v0 = t
2/(JHS), S¯ic =
∑
σ,σ′(σ)σσ′ c¯
†
i,σ c¯i,σ′/2, and c¯i,σ =
∑
σ′(P
+
i )σσ′ c˜i,σ′ . In Eq.(3),
except for ignorance of higher order perturbation correction and a constant term −NeJHS/2
(Ne is the number of electrons), we also neglect three-site terms in order of t
2/JHS which
describe indirect hopping process between the next nearest neighbor sites. They are of order
t/JHS (≪ 1) when compared with the first, direct hopping term in Eq. (3). A detailed
discussion including these terms will be published elsewhere. The physical meaning of the
operator S¯ic is the component of electron spin along the localized spin on the same site
meanwhile the electron and localized spin form an spin S + 1/2 state. It is shown that
(2S+1)S¯ic (=S
t
i) is an spin operator with S+1/2 if the site is occupied by a single electron.
Let us first consider two limits. When JH → +∞, v0 → 0. The model is reduced to
the quantum double exchange model [13,14]. Expanding the dressed operators c¯ in Eq.(3),
we find a direct exchange term for localized spins and its effective exchange coupling is
approximately
Jde ≈ −t
∑
σ
〈c˜†i,σc˜j,σ〉/(2S + 1)
2
where 〈. . .〉 represents the average of the ground state. The coupling is proportional to
the kinetic energy and is always ferromagnetic. It reaches its minimum at quarter filling
(ρ = 1/2) and vanishes at two density limits ρ = 0 and 1 in a sense of the mean field approx-
imation. This result consists with the physical picture of the double exchange ferromagnet.
At half filling, which means that the number of electrons is equal to the number of lattice
sites, each site is occupied by one electron and there is no empty. The effective Hamiltonian
(3) is reduced to an antiferromagnetic Heisenberg model with spin S + 1/2
HAF =
4v0
(2S + 1)2
∑
〈ij〉
(
Sti · S
t
j − (S +
1
2
)2
)
. (4)
This is consistent with rigorous results of the model (1) at half filling for any JH that
the ground state is spin singlet on a hyper-cubic lattice [15]. In the antiferromagnetic
Heisenberg model, it is shown rigorously that the ground state possesses antiferromagnetic
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long-range order on a square lattice for spin 1 or higher and cubic lattice for spin 1/2 or
higher [16]. Therefore, here as S+1/2 > 1, we conclude that the Kondo lattice model at half
filling and with strong Hund coupling possesses antiferromagnetic long-range order, which is
completely opposite to the case of low density of electrons where ferromagnetic correlation
is predominant.
Although the physics of the two terms in the Hamiltonian (3) is clear, the combination
of the two terms make it very complicated. The usual t-J model from the large U Hubbard
model can be regarded as a specific case of S = 0 with a finite v0. Many efforts are attempted
to investigate the antiferromagnetism and superconductivity. Emery et al. proposed that
a Heisenberg antiferromagnet in t-J model is always unstable to a phase separation at a
sufficient dilute doping [17]. Their conjecture is supported numerically at larger J/t, but
it is still open problem at small J/t strength [18]. Nevertheless, for the usual t-J model,
J = 4t2/U and should be very small in a physical region. The localized spin in J-term is 1/2.
In our case, the spin background can modulate the electronic behavior, and localized spin
can be any value. To simplify our discussion, we take the classic spin approximation or large
S limit. The spin Si can be parameterized by polar angles θi and φi and S/(2S + 1) ≈ 1/2.
Si = S~s0i and ~s0i = (sin θi cosφi, sin θi sin φi, cos θi). Except for the exchange coupling
between the conduction electron and localized spin, it is believed that the antiferromagnetic
exchange coupling between the localized spins JAFSi · Sj also plays an essential role in
determining the phase diagram of manganites, especially in the region of low density of
electrons. The projected operator S¯i = PiSiPi = S~s0i. We shall consider it in our following
discussion. In this approach, the quantum t-J model including the localized spin coupling
is reduced to
Hrde = − t
∑
〈ij〉
cijα
†
iαj − 2v0
∑
〈ij〉
sin2
Θij
2
α†iαiα
†
jαj
+ JAFS
2
∑
〈ij〉
cosΘij (5)
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where αi = cos
θi
2
c˜i,↑ + sin
θi
2
e−iφi c˜i,↓;
cij = cos
θi
2
cos
θj
2
+ sin
θi
2
sin
θj
2
e−i(φi−φj);
cos Θij = cos θi cos θj + sin θi sin θj cos(φi − φj).
Θij is the angle between the two spin units ~s0i and ~s0j and |cij| = cos(Θij/2). α operators
are for the conduction electrons whose spins are frozen by the localized spins on the same
site, and therefore can be considered only to describe the charge degrees of freedom. The
first part of Hrde is the usual double exchange model with a Berry phase, and the second
part comes from the correction of the finite JH . Both the renormalized coefficients cij of
hopping terms and sin2(Θij/2) of the density-density interaction depend on the background
of the spin configurations. Our following discussion will be based on the Hamiltonian (5).
From the point of view of localized spins, the mobile electrons favor to the ferromagnetic
correlation. However, the finite JH as well as the direct exchange coupling JAF tends to form
antiferromagnetism. For instance, in the one dimensional case, the effective double exchange
coupling is approximately proportional to − sin ρπ/π. It reaches its minimum at quarter
filling and approaches to zero at two end limits. The exchange coupling from the finite JH
is approximately proportional to ρ2. It is stronger than the double exchange coupling at a
higher density of electrons, but is weaker at a lower density of electrons. As far as the direct
exchange coupling JAFS
2 is introduced, the double exchange coupling is always suppressed
at the two end limits of density. If JAFS
2 is sufficiently large, the ferromagnetic phase is
always unstable. If JAFS
2 is not sufficiently large the double exchange ferromagnetism can
survive in a finite range of doping. A possible phase diagram is shown in Fig. 1 for the chosen
parameters. As |cij| is proportional to cos(Θ/2), not cosΘ for the ferromagnetic coupling, it
is also possible to lead some non-collinear magnetism [11,14,19]. The boundaries of phases
in Fig.1 and later in Figs. 2 and 3 are determined by comparing the ferromagnetic phase
with the canted ferromagnetic phase, the spin spiral phase, the antiferromagnetic phase, and
the phase separation in a mean field approach.
From the point of view of conduction electrons, the hopping of electrons is heavily dragged
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by the spin background. The hopping is prohibited when the angle Θij = π. The effective
interaction is also determined by Θij as well as v0/t. The ratio −(2v0 sin
2 Θij
2
)/(t cos Θij
2
)
approaches to zero when Θ = 0, i.e. the ferromagnetic case, and becomes divergent when
Θ = π, i.e. the antiferromagnetic case. The consequence is quite different from the usual
t-J model, in which the ratio J/t is fixed and is usually very small. When localized spins
form a fully saturated ferromagnet, the conduction electrons are a spinless free fermion
gas. Oppositely when the localized spins form an antiferromagnetic background, the attrac-
tion becomes rather strong since the hopping of electrons are completely suppressed even
for very small v0/t. Strong attraction between fermions will lead to the instability to the
phase separation. When the phase separation occurs, the system is divided into two parts:
electron-rich and -poor regimes. In the electron-rich regime, all electrons accumulate to-
gether and ρ→ 1. In this case, the kinetic energy vanishes and the average energy per bond
is −JAFS
2 − 2v0. In the electron-poor regime (ρ = 0), the average per bond is −JAFS
2.
When JAF = 0, the spin background of the electron-poor regime can be ferromagnetic. The
phase separation arises in a very small regime near the half filling. For a finite JAF , the spin
background is antiferromagnetic. Hence the average energy per bond for the whole system
in the phase separation is ǫps = −(JAFS
2 + 2v0ρ), which is always lower than the energy
in an antiferromagnetic state with a uniform density of electrons. This conclusion holds
for any dimensional cases [20]. Thus the phase separation occurs in the antiferromagnetic
background. The phase diagram in Fig. 1 shows that the phase separation occurs in the case
of either high or low density of electrons. Between the ferromagnetic phase and the phase
separation, it is a paramagnetic or non-collinear magnetic regime. The phase diagram is in
good agreement with those established by utilizing Monte-Carlo simulation by Yunoki et al.
[21]. The phase separation always occurs near ρ→ 1 no matter how large JAF is and v0 > 0
because the antiferromagnetic coupling is always predominant in the limit. This is quiet
similar to those obtained in the t-J model in the large S limit [22]. Near ρ → 0, JAF will
determine whether the phase separation arises as the ferromagnetic coupling will dominates
over the antiferromagnetic coupling if JAF = 0. When JAF 6= 0, the phase separation can
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arise since the double exchange ferromagnetic coupling is approximately proportional to the
density of electron near ρ = 0, which is always less than a constant JAF at a sufficiently
dilute doping. This is also consistent with the numerical results [21]. For a fixed v0, the
phase separation can occur when JAF increases as shown in Fig. 2. If v0 is very large, the
phase separation can occur for any JAF , and vice versa.If v0 = 0, i.e., the strong Hund
coupling the phase separation does not arise. Thus the attraction plays a decisive role in the
phase separation. It is worth mentioning that even in the paramagnetic phase the average
value of attraction potential v0(〈cosΘij〉 − 1) = −v0, half of that in the antiferromagnetic
case. When the phase separation occurs, it will enhance the antiferromagnetic coupling
especially in the electron-rich regime. This agrees with experimental observation that the
charge stripe arises at higher temperature than the spin stripe by electron-diffraction and
neutron-scattering measurements [1].
As a conclusion, we discuss possible relevances of the attraction, the phase separation,
and the charge stripe phase. Although the attraction could attract the electrons together
to form an electron-rich regime, other physical mechanism has to be taken into account
in order to explain the stripe behaviors for charge and spin. Lo¨w et al. proposed the
ideas of frustrated phase separation by considering the nearest neighbor attraction and
long-range Coulomb repulsion [6]. Our work provides a direct evidence that an attraction
between electrons indeed arises from the superexchange of electrons for the finite JH case.
On the other hand, the role of hopping term is still unclear in forming the stripe phase.
Recent numerical calculation by density-matrix renormalization group (DMRG) found some
evidences that the stripe behaviors appear in the two-dimensional t-J model [23] for a specific
dopant due to the electron hopping even without the Coulomb interaction. Our finding
provides a direct mechanism for electrons to condensate along the charge stripe. For example,
on a square lattice and at ρ = 2/3, a static charge stripe as shown in the inset of Fig.3 has
a lower energy than the state with a uniform density of charge for a larger v0. The larger
JAFS
2 is the lower the energy of the charge stripe is for a fixed v0. However the stripe state
is unstable against the phase separation. To stabilize the stripe state, one should consider
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other physical processes, for example, effect of long-range Coulomb interaction [6] and non-
collinear magnetism of localized spins. In short, since the spin background modulates the
electronic behaviors, we believe that our model (5) or its quantum form (3) is a good starting
point to investigate the phase separation, the charge ordering and spin ordering in doped
transition-metal oxides.
This work was supported by a CRCG research grant at the University of Hong Kong.
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FIGURES
The phase diagram for a square lattice at JAFS
2 = 0.05. “F” means ferromagnetic. In
that regime it is a metallic double exchange ferromagnet. “PS” means the phase separation
on an antiferromagnetic background. “NF” is between the ferromagnetic phase and phase
separation. It is paramagnetic or mixture of some non-collinear magnetism from the point
of view of the mean field theory.
FIG. 1. The density dependence of the critical value of JAFS
2 to the phase separation for
v0 = 0.05, 0.10, and 0.02 in a square lattice.
FIG. 2. The v0 dependence of the energy difference, E, between the charge stripe and a state
with a uniform density of charge for different JAFS
2. The inset is the charge stripe phase we
discuss. The black points stand for single occupancies of electrons.
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